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Abstract
Let HS(9, q) denote the half-spin geometry associated with a nonsingular hyperbolic quadric Q+(9, q) of
PG(9, q). Let X be a set of points of HS(9, q) and let N1 denote the total number of ordered pairs of distinct
collinear points of HS(9, q) belonging to X. Using the extended Higman–Sims technique we will derive
an upper and lower bound for N1 in terms of |X|. Sets of points attaining these bounds are respectively
called tight sets of Type I and tight sets of Type II. We provide examples of tight sets which are related to
HS(7, q)-subspaces and 1- and 2-systems of Q+(9, q). We show that the size of the intersection of a tight set
X of Type I and a tight set Y of Type II only depends on |X| and |Y |. We characterize tight sets by means of
this property.
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1. Introduction
Let Q+(2n − 1, q), n  2, denote a nonsingular hyperbolic quadric [8] of PG(2n − 1, q). The
set of generators (= subspaces of maximal dimension n − 1) of Q+(2n − 1, q) can be partitioned
into two familiesM+ andM− such that two generators belong to the same family if they intersect
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in a subspace of even co-dimension. For every  ∈ {+,−}, letS be the point-line geometry with
point-setM and line set the set of all (n − 3)-dimensional subspaces of Q+(2n − 1, q) (natural
incidence). The isomorphic point-line geometriesS+ andS− are called the half-spin geometries
for Q+(2n − 1, q). We will denote any of these geometries by HS(2n − 1, q). The half-spin
geometry HS(3, q) is isomorphic to a line with q + 1 points. Using the Klein-correspondence,
it is readily seen that HS(5, q) is isomorphic to the point-line system of PG(3, q). The half-
spin geometry HS(7, q) is isomorphic to the point-line system of Q+(7, q). (An isomorphism is
realized by a so-called triality [14,16].) A lot of properties of half-spin geometries are collected
in the paper [12].
Now, let HS(2n − 1, q) denote the half-spin geometryS+. If M1 and M2 are two elements
of M+, then the distance between M1 and M2 in the collinearity graph of HS(2n − 1, q) is
denoted by d(M1,M2). We have dim(M1 ∩ M2) = n − 1 − 2 · d(M1,M2). Hence, the diameter
of HS(2n − 1, q) is equal to ⌊n2⌋.
In this paper, we wish to study certain point-sets in half-spin geometries of diameter 2. There
are two such half-spin geometries, namely HS(7, q) and HS(9, q). The kind of point-sets we
have in mind have already been studied in polar spaces of rank at least 2, see [1–3,9,11]. In view
of the isomorphism between HS(7, q) and the point-line system of Q+(7, q), we may restrict
ourselves to the half-spin geometry HS(9, q).
Using a generalization of the Higman–Sims technique as given in Haemers [5], we prove the
following theorem:
Theorem 1.1 (Section 2.2). Let X be a set of points of HS(9, q) and let N1 denote the total
number of ordered pairs of distinct collinear points of HS(9, q) belonging to X. Then
−(q2 + 1) · |X| + (q
2 + q + 1) · |X|2
(q + 1)(q4 + 1)  N1  (q
5 + q4 + q3 − 1) · |X| + |X|
2
q3 + 1 .
If the lower bound in Theorem 1.1 is achieved, then X is called a tight set of Type I. If the
upper bound in Theorem 1.1 is achieved, then X is called a tight set of Type II. A set of points
of HS(9, q) is called tight if it is either a tight set of Type I or a tight set of Type II. Clearly,
the empty set ∅ is a tight set of Type I and Type II. Also the whole point-set of HS(9, q) is a
tight set of Type I and Type II. (In this case, we have |X| = (q + 1)(q2 + 1)(q3 + 1)(q4 + 1)
and N1 = (q + 1)(q2 + 1)(q3 + 1)(q4 + 1)(q4 + q3 + q2 + q + 1)(q2 + 1)q, see Lemma 2.2.)
The empty set and the whole set of points of HS(9, q) are called the trivial tight sets of HS(9, q).
Any other tight set of HS(9, q) is called a proper tight set. Notice that every proper tight set is
either a tight set of Type I or a tight set of Type II. (So, it cannot be of both types as it was the
case for the empty set and the whole point-set.) As a by-product of the proof of Theorem 1.1, we
can say the following:
Theorem 1.2 (Section 2.2). (1) If X is a tight set of Type I, then every point x ∈ X is collinear
with precisely −(q2 + 1) + (q2+q+1)·|X|
(q+1)(q4+1) points of X \ {x} and every point y /∈ X is collinear with
precisely (q
2+q+1)·|X|
(q+1)(q4+1) points of X.
(2) If X is a tight set of Type II, then every point x ∈ X is collinear with precisely q5 + q4 +
q3 −1+ |X|
q3+1 points of X \{x} and every point y /∈X is collinear with precisely |X|q3+1 points of X.
Definition. Following the terminology of [1] and [2], we call a set of points of HS(9, q) intriguing
if there exist constants h1 and h2 such that every point x ∈ X is collinear with precisely h1 points
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of X \ {x} and every point y /∈ X is collinear with precisely h2 points of X. By Theorem 1.2,
every tight set of points of HS(9, q) is intriguing. Also the converse is true.
Theorem 1.3 (Section 2.2). If X is an intriguing set of points of HS(9, q), then X is either a tight
set of Type I or a tight set of Type II.
Tight sets in a nice position can yield other tight sets.
Theorem 1.4 (Section 3). Let X and Y be two tight sets of the same type.
(1) If X ⊆ Y, then Y \ X is a tight set of the same type as X and Y.
(2) If X ∩ Y = ∅, then X ∪ Y is a tight set of the same type as X and Y.
Definitions. (1) If x is a point of HS(9, q), then the set of elements of M+ containing x is a
subspace Sx of HS(9, q). The point-line geometry induced on this subspace is isomorphic to the
half-spin geometry HS(7, q). We call Sx therefore a HS(7, q)-subspace.
(2) Let m ∈ {0, . . . , 4}. A partial m-system of Q+(9, q) is a set {π1, π2, . . . , πl} of l  1
m-spaces of Q+(9, q) such that every generator containing πi , i ∈ {1, . . . , l}, has no point in
common with (π1 ∪ π2 ∪ · · · ∪ πl) \ πi . Partial m-systems were introduced by Shult and Thas
[13] for general polar spaces. If {π1, . . . , πl} is a partial m-system of Q+(9, q), then l  q4 + 1
by [13]. If l = q4 + 1, then the partial m-system is called an m-system.
The following theorem shows the existence of proper tight sets of each type.
Theorem 1.5 (Section 3). (1) If X is a HS(7, q)-subspace of HS(9, q), then X is a tight set of
Type II of HS(9, q).
(2) Let {π1, . . . , πq4+1} be an m-system of Q+(9, q) with m ∈ {1, 2}. Then the set of elements
ofM+ containing (precisely) one of the subspaces πi, i ∈ {1, . . . , q4 + 1}, is a tight set of Type
I of HS(9, q).
Remark. For information on the existence of m-systems in polar spaces (in particular of 1- and
2-systems in Q+(9, q)), we refer to [6,10,13,15].
The number of points in the intersection of a tight set of Type I and a tight set of Type II can
be determined.
Theorem 1.6 (Section 4.1). If X is a tight set of Type I of HS(9, q) and Y is a tight set of Type II
of HS(9, q), then |X ∩ Y | = |X|·|Y |
(q+1)(q2+1)(q3+1)(q4+1) .
Tight sets of points can be characterized by means of this property.
Theorem 1.7 (Section 4.2). Let X be a set of points of HS(9, q) and let F be a nonempty
family of proper tight sets of Type I of HS(9, q) satisfying the following properties: (i) every
element ofF has the same number of points; (ii) the number of elements ofF through a given
point of HS(9, q) is constant; (iii) the number of elements ofF through two distinct collinear
points of HS(9, q) is a constant; (iv) the number of elements of F through two noncollin-
ear points of HS(9, q) is a constant. Then the following are equivalent:
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(1) X is a tight set of Type II;
(2) every element ofF intersects X in a constant number of points.
Theorem 1.8 (Section 4.3). Let X be a set of points of HS(9, q) and let F be a nonempty
family of proper tight sets of Type II of HS(9, q) satisfying the following properties: (i) every
element ofF has the same number of points; (ii) the number of elements ofF through a given
point of HS(9, q) is constant; (iii) the number of elements ofF through two distinct collinear
points of HS(9, q) is a constant; (iv) the number of elements of F through two noncollin-
ear points of HS(9, q) is a constant. Then the following are equivalent:
(1) X is a tight set of Type I;
(2) every element ofF intersects X in a constant number of points.
Applying Theorem 1.8 withF being the set of all HS(7, q)-subspaces of HS(9, q), we obtain:
Corollary 1.9. A set X of elements of M+ is a tight set of Type I if and only if every point
x ∈ Q+(9, q) is contained in the same number of elements of X.
2. Tight sets of Type I and Type II
2.1. The extended Higman–Sims technique
Let n,m ∈ Nwith n  m  1. Let A be a complex (n × n)-matrix and B a complex (m × m)-
matrix such that all eigenvalues of A and B are real. We denote by λi(A), i ∈ {1, . . . , n}, the not
necessarily distinct eigenvalues of A and by λi(B), i ∈ {1, . . . , m}, the not necessarily distinct
eigenvalues of B. Without loss of generality, we may suppose that λn(A)  · · ·  λ1(A) and
λm(B)  · · ·  λ1(B). If
λi(A)  λi(B)  λn−m+i (A)
for all i ∈ {1, . . . , m}, then we say that the eigenvalues of B interlace the eigenvalues of A. If
there exists a k ∈ {0, . . . , n} such that
λi(A) = λi(B), ∀i ∈ {1, . . . , k},
and
λn−m+i (A) = λi(B), ∀i ∈ {k + 1, . . . , m},
then the interlacing is called tight. The following proposition has been proved in Haemers [5,
Theorem 1.2.3].
Proposition 2.1 [5]. Let A be a hermitian matrix partitioned as follows:
A =
⎡
⎢⎣
A11 · · · A1m
...
.
.
.
...
Am1 · · · Amm
⎤
⎥⎦
such that Aii is square for all i ∈ {1, . . . , m}. Let bij be the average row sum of Aij , i, j ∈
{1, . . . , m}, and define B = (bij ). Then the following holds:
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(1) The eigenvalues of B interlace the eigenvalues of A.
(2) If the interlacing is tight, then Aij has constant row and column sums for all i, j ∈
{1, . . . , m}.
(3) If Aij has constant row and column sums for all i, j ∈ {1, . . . , m}, then any eigenvalue of
B is also an eigenvalue of A.
As a special case of Proposition 2.1(1), we have that
λ1(A)  λi(B)  λn(A)
for all i ∈ {1, . . . , m}. These inequalities are usually applied under the name Higman–Sims tech-
nique (see e.g. Hestenes and Higman [7]).
2.2. Application of the extended Higman–Sims technique to sets of points of HS(9, q)
An undirected simple graph  without loops is called strongly regular with parameters
(v, k, λ, μ) if has v vertices, k vertices adjacent to any given vertex x, λ vertices adjacent to any
two given adjacent vertices y and z and μ vertices adjacent to any two given nonadjacent vertices
u and v. One can easily show that the collinearity graph of the half-spin geometry HS(9, q) is
strongly regular.
Lemma 2.2. The collinearity graph  of HS(9, q) is strongly regular with parameters
v = (q + 1)(q2 + 1)(q3 + 1)(q4 + 1),
k = (q4 + q3 + q2 + q + 1)(q2 + 1)q,
λ = q5 + 2q4 + 2q3 + q2 + q − 1,
μ = (q2 + q + 1)(q2 + 1).
Proof. Let Q+(9, q) denote a nonsingular hyperbolic quadric of PG(9, q). Let M+ and M−
denote the two families of generators of Q+(9, q) and suppose HS(9, q) is the half-spin geometry
for Q+(9, q) defined on the set M+. The number of vertices of  is equal to v = |M+| =
(q + 1)(q2 + 1)(q3 + 1)(q4 + 1), see e.g. Hirschfeld and Thas [8].
Let π be a given point of HS(9, q), then π is a 4-space of Q+(9, q). A line through π
corresponds with a 2-space of π . There are (q4 + q3 + q2 + q + 1)(q2 + 1) such 2-spaces. Since
every line through π contains q points distinct from π , k = (q4 + q3 + q2 + q + 1)(q2 + 1)q.
Let π1 and π2 be two given distinct collinear points of HS(9, q). Then π1 ∩ π2 is a 2-
space of Q+(9, q). The q − 1 points of HS(9, q) distinct from π1 and π2 and lying on the
line of HS(9, q) through the points π1 and π2 are all adjacent to π1 and π2. Now, suppose
π3 is a point of HS(9, q) adjacent to π1 and π2 and not contained on the line of HS(9, q)
through π1 and π2. Then for a point u ∈ (π1 ∩ π3) \ (π1 ∩ π2), the 3-space u⊥ ∩ π2 contains the
2-spaces π3 ∩ π2 and π1 ∩ π2. Hence, π1 ∩ π2 ∩ π3 is a line. Now, there are q2 + q + 1 lines
L in π1 ∩ π2. Through each such line L, there are q2 + q planes distinct from π1 ∩ π2 and
contained in π1. Hence, there are that many possibilities for π3 ∩ π1. Now, again let u denote
a point of (π3 ∩ π1) \ (π1 ∩ π2). Then π3 ∩ π2 is one of the q planes of the 3-space u⊥ ∩ π2
which contain L and are different from π1 ∩ π2. Now, π3 is uniquely determined by π1 ∩ π3 and
π2 ∩ π3 since π3 is the unique element ofM+ through the 3-space 〈π1 ∩ π3, π2 ∩ π3〉. It follows
that λ = (q − 1) + (q2 + q + 1)(q2 + q)q = q5 + 2q4 + 2q3 + q2 + q − 1.
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Let π1 and π2 be two noncollinear points of HS(9, q). Then π1 ∩ π2 contains a unique point
x∗. Suppose π3 is a point of HS(9, q) collinear with π1 and π2. If π3 regarded as 4-space does not
containx∗, then 〈x∗, π3 ∩ π1, π3 ∩ π2〉would be a 5-space contained inQ+(9, q), a contradiction.
Hence, x∗ ∈ π3. Now, π3 ∩ π1 is a plane of π1 through x1. Since there are (q2 + q + 1)(q2 + 1)
such planes, there are that many possibilities for π1 ∩ π3. Notice that π3 is uniquely determined
by π1 ∩ π3 since π3 is the unique 4-space through π1 ∩ π3 intersecting π2 in a plane. Hence,
μ = (q2 + q + 1)(q2 + 1). 
There exist standard techniques for calculating the eigenvalues and multiplicities of , see e.g.
Godsil and Royle [4, Section 10.2]. The eigenvalues of  are
λ3() = −(q2 + 1), λ2() = (q5 + q4 + q3 − 1),
λ1() = k = (q4 + q3 + q2 + q + 1)(q2 + 1)q,
with respective multiplicities
m3() = (q4 + q3 + q2 + q + 1)q2(q4 + 1),
m2() = (q4 + q3 + q2 + q + 1)q(q2 − q + 1), m1() = 1.
We will now prove Theorems 1.1, 1.2 and 1.3. One can readily verify that these theorems hold if
X is the empty set or the whole set of points of HS(9, q). So, in the sequel, we will suppose that
X is a proper set of points of HS(9, q). Let A denote the adjacency matrix of HS(9, q). Without
loss of generality, we may suppose that the first |X| rows and columns of A are labeled by the
points of X. Then A has the following form:
A =
[
A11 A12
A21 A22
]
,
where A11 is a (|X| × |X|)-matrix. Now, let bij denote the average row sum of Aij , i, j ∈ {1, 2},
and put
B :=
[
b11 b12
b21 b22
]
.
Put
α :=
∑
x∈X |1(x) ∩ X|
|X| =
N1
|X| .
Then α < k since X does not coincide with the whole point-set of HS(9, q). Clearly, b11 = α,
b12 = k − α, b21 = |X|·(k−α)v−|X| (count in two different ways the number of pairs (x1, x2) with
x1 ∈ X, x2 /∈ X and x1 ∼ x2) and b22 = k − |X|·(k−α)v−|X| . One now calculates that the characteristic
polynomial kB(Y ) of B is equal to
(k − Y )
(
α − |X| · (k − α)
v − |X| − Y
)
.
So, the eigenvalues of B are equal to λ1(B) = k and λ2(B) = α − |X|·(k−α)v−|X| < λ1(B). Above, we
have already shown that λ1(A) = k, λ2(A) = q5 + q4 + q3 − 1 and λ3(A) = −(q2 + 1). Now,
applying Proposition 2.1 (1), we obtain
−(q2 + 1)  α − |X| · (k − α)
v − |X|  q
5 + q4 + q3 − 1.
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It follows that
−(q2 + 1) + (q
2 + q + 1) · |X|
(q + 1)(q4 + 1)  α  q
5 + q4 + q3 − 1 + |X|
q3 + 1 .
This proves Theorem 1.1.
Now, suppose α = −(q2 + 1) + (q2+q+1)·|X|
(q+1)(q4+1) , i.e. X is a tight set of Type I. Since the inter-
lacing is tight, we can apply Proposition 2.1(2). We find that every point x ∈ X is collinear with
b11 = α = −(q2 + 1) + (q2+q+1)|X|(q+1)(q4+1) points ofX \ {x} and that every point y /∈ X is collinear with
precisely b21 = |X|·(k−α)v−|X| = (q
2+q+1)·|X|
(q+1)(q4+1) points of X. This proves the first part of Theorem 1.2.
Now, suppose α = q5 + q4 + q3 − 1 + |X|
q3+1 , i.e. X is a tight set of Type II. Since the interlacing
is tight, we can again apply Proposition 2.1(2). We find that every point x ∈ X is collinear with
b11 = α = q5 + q4 + q3 − 1 + |X|q3+1 points of X \ {x} and that every point y /∈ X is collinear
with precisely b21 = |X|·(k−α)v−|X| = |X|q3+1 points of X. This proves the second part of Theorem 1.2.
Now, suppose that X is an intriguing set of points of HS(9, q). Then we apply Proposition
2.1(3). We find that λ2(B) = α − |X|·(k−α)v−|X| < k is an eigenvalue of A. So, either α − |X|·(k−α)v−|X| =
−(q2 + 1) or α − |X|·(k−α)
v−|X| = q5 + q4 + q3 − 1. In the former case, X is a tight set of points of
Type I, and in the latter case, X is a tight set of points of Type II. This proves Theorem 1.3.
3. Examples of tight sets
We start with the proof of Theorem 1.4.
Proof of Theorem 1.4. Let δ1 and δ2 be such that the following holds for every Z ∈ {X, Y }: every
point x ∈ Z is collinear with δ2 + δ1 · |Z| points of Z \ {x} and every point y /∈ Z is collinear
with δ1 · |Z| points of Z (cf. Theorem 1.2).
Suppose that X ⊆ Y . Then every point of X is collinear with (δ2 + δ1 · |Y |) − (δ2 + δ1 ·
|X|) = δ1 · |Y \ X| points of Y \ X. Every point of Y \ X is collinear with (δ2 + δ1 · |Y |) − δ1 ·
|X| = δ2 + δ1 · |Y \ X| points of Y \ X. Every point outside Y is collinear with δ1 · |Y | − δ1 ·
|X| = δ1 · |Y \ X| points of Y \ X. So, Y \ X is an intriguing set and hence also a tight set of
points. Clearly, Y \ X has the same type as X and Y . This proves the first part of Theorem 1.4.
Suppose that X ∩ Y = ∅. Every point of X is collinear with δ2 + δ1 · |X| + δ1 · |Y | = δ2 + δ1 ·
|X ∪ Y | points of X ∪ Y . Every point of Y is collinear with δ1 · |X| + δ2 + δ1 · |Y | = δ2 + δ1 ·
|X ∪ Y | points of X ∪ Y . Every point not contained in X ∪ Y is collinear with δ1 · |X| + δ1 · |Y | =
δ1 · |X ∪ Y | points of X ∪ Y . So, Y \ X is an intriguing set and hence also a tight set of points.
Clearly, Y \ X has the same type as X and Y . This proves the second claim of Theorem 1.4. 
Next, we show that every HS(7, q)-subspace is a tight set of Type II.
Proof of Theorem 1.5(1). Let X be the set of points of a HS(7, q)-subspace of HS(9, q). Since
HS(7, q) is isomorphic to the point-line system of Q+(7, q), |X| = |Q+(7, q)| = (q + 1)(q2 +
1)(q3 + 1) and N1 = |Q+(7, q)| · q · |Q+(5, q)| = q(q + 1)(q2 + 1)2(q3 + 1)(q2 + q + 1).
After a straightforward calculation, it follows that X is a tight set of points of Type II. 
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Combining Theorems 1.4(2) and 1.5(1), we obtain:
Corollary 3.1. Let {x1, x2, . . . , xl} denote a set of l  1 mutually opposite points of Q+(9, q),
Then the set of elements ofM+ containing precisely one of the points xi, i ∈ {1, . . . , l}, is a tight
set of points of Type II of HS(9, q).
We will now prove Theorem 1.5(2).
Definition. If U denotes a partial m-system of Q+(9, q), then XU denotes the set of all elements
ofM+ containing precisely 1 element of U . If U is a partial 0-system, then by Corollary 3.1, XU
is a tight set of Type II of HS(9, q). XU is a tight set of Type I if and only if it coincides with the
whole point-set of HS(9, q), i.e. if and only if U is an ovoid (i.e. a 0-system) of Q+(9, q). We
will now examine whether also other partial m-systems will give rise to tight sets.
Proposition 3.2. If U is a partial 1-system of Q+(9, q), then XU is a tight set of points of
HS(9, q) if and only if U is a 1-system of Q+(9, q). In this case, XU is a tight set of Type I.
Proof. Put |U | = k. Then |XU | = k(q3 + q2 + q + 1) = k(q + 1)(q2 + 1) since every element
of U is contained in precisely q3 + q2 + q + 1 elements ofM+. Let M be an arbitrary element of
XU and let L denote the unique line of U contained in M . Then all elements ofM+ \ {M} through
L are collinear with M . Every line of U \ {L} is contained in a unique element ofM+ which meets
M in a plane. It follows that every element of XU is collinear with precisely q3 + q2 + q + k − 1
other elements of XU .
Now, XU is a tight set of points of Type I if and only if q3 + q2 + q + k − 1 = −(q2 + 1) +
(q2+q+1)k(q2+1)(q+1)
(q+1)(q4+1) , i.e. if and only if k = q4 + 1. So, XU is a tight set of points of Type I if and
only if U is a 1-system of Q+(9, q).
XU is a tight set of points of Type II if and only if (q3 + q2 + q + k − 1) = (q5 + q4 + q3 −
1) + k(q2+1)(q+1)
q3+1 . This equation is never satisfied. 
Proposition 3.3. If U is a partial 2-system of Q+(9, q), then XU is a tight set of points of
HS(9, q) if and only if U is a 2-system of Q+(9, q). In this case, XU is a tight set of Type I.
Proof. Put |U | = k. Then |XU | = k(q + 1) since every element of U is contained in precisely
q + 1 elements ofM+. Let M denote an arbitrary element of XU and let α denote the unique
plane of U contained in M . Then all elements of M+ \ {M} through α are collinear with M .
No plane of U \ {α} is contained in an element ofM+ which meets M in a plane. Hence, every
element of XU is collinear with precisely q other elements of XU .
Now, XU is a tight set of points of Type I if and only if q = −(q2 + 1) + (q2+q+1)k(q+1)(q+1)(q4+1) , i.e. if
and only if k = q4 + 1. Hence, XU is a tight set of points of Type I if and only if U is a 2-system
of Q+(9, q).
XU is a tight set of points of Type II if and only if q = q5 + q4 + q3 − 1 + k(q+1)q3+1 . This
equation is never satisfied. 
Proposition 3.4. If U is a partial 3-system of Q+(9, q), then XU is not a tight set of points of
HS(9, q).
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Proof. Put |U | = k. Then |XU | = k since every element of U is contained in a unique member
ofM+. Obviously, no point of XU is collinear with another point of XU . If XU is a tight set of
Type I, then 0 = −(q2 + 1) + (q2+q+1)k
(q+1)(q4+1) , i.e. k = q5 + q2 + q+1q2+q+1 . This is impossible. If XU
is a tight set of points of Type II, then 0 = q5 + q4 + q3 − 1 + k
q3+1 . Also this equation is never
satisfied. 
Proposition 3.5. If U is a partial 4-system of Q+(9, q), then XU is a tight set of points of
HS(9, q) if and only if |U | = 1 and U ⊂M−. In this case, XU = ∅.
Proof. Suppose U does not contain elements ofM+. Then |U | = 1 since two generators of the
same family meet. Clearly, XU = ∅ in this case. Suppose now that U contains a necessarily unique
element ofM+. Then |XU | = 1. Again, one readily verifies that XU is not a tight set of points of
HS(9, q). 
4. Characterization of tight sets
4.1. Proof of Theorem 1.6
Let X be a tight set of type I of HS(9, q) and let Y be a tight set of Type II of HS(9, q). Put
δ1 := − (q2 + 1) + (q
2 + q + 1) · |X|
(q + 1)(q4 + 1) , δ
′
1 :=
(q2 + q + 1) · |X|
(q + 1)(q4 + 1) ,
δ2 :=q5 + q4 + q3 − 1 + |Y |
q3 + 1 , δ
′
2 :=
|Y |
q3 + 1 .
Let η1 (respectively η2) denote the number of ordered pairs (x, y) of collinear points of HS(9, q)
with x ∈ X ∩ Y and y ∈ X \ (X ∩ Y ) (respectively y ∈ Y \ (X ∩ Y )). Let N denote the total
number of ordered pairs of distinct collinear points belonging to X ∩ Y . Then
η1 = |X ∩ Y | · δ1 − N,
η2 = |X ∩ Y | · δ2 − N,
and hence
η1 − η2 = |X ∩ Y | · (δ1 − δ2).
Counting the number of ordered pairs (x, y) with x ∈ X \ (X ∩ Y ), y ∈ Y \ (X ∩ Y ) and x ∼ y,
we find
(|X| − |X ∩ Y |) · δ′2 − η1 = (|Y | − |X ∩ Y |) · δ′1 − η2,
|X ∩ Y | · δ′1 − |X ∩ Y | · δ′2 − |X ∩ Y | · (δ1 − δ2) = |Y | · δ′1 − |X| · δ′2,
|X ∩ Y | · (δ′1 − δ′2 − δ1 + δ2) = |X| · |Y | ·
(
q2 + q + 1
(q + 1)(q4 + 1) −
1
q3 + 1
)
,
q2(q + 1)(q2 + 1) · |X ∩ Y | = |X| · |Y | · q
2(q + 1)
(q + 1)(q3 + 1)(q4 + 1) ,
|X ∩ Y | = |X| · |Y |
(q + 1)(q2 + 1)(q3 + 1)(q4 + 1) . 
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4.2. Proof of Theorem 1.7
Let X and F be as in the statement of Theorem 1.7, and let N1 denote the total number of
ordered pairs of distinct collinear points of X. Choose δ such that every element ofF contains
precisely δ(q + 1)(q4 + 1) points and put N ′1 :=δ(q + 1)(q4 + 1)(−(q2 + 1) + (q2 + q + 1)δ).
Then for every Y ∈F, the total number of ordered pairs of distinct collinear points of Y is equal
to N ′1. Also, put N ′2 :=δ(q + 1)(q4 + 1)(δ(q + 1)(q4 + 1) − 1) − δ(q + 1)(q4 + 1)((q2 + q +
1)δ − (q2 + 1)) = δ(q + 1)(q4 + 1)q2((q3 + q2 − 1)δ + 1). Then for every Y ∈F, the total
number of ordered pairs of noncollinear points of Y is equal to N ′2.
Now, put μ = |F| and let λi , i ∈ {0, 1, 2}, denote the total number of elements ofF through
two points of HS(9, q) at distance i from each other. Then
λ0 = μδ(q + 1)(q
4 + 1)
v
= μδ
(q2 + 1)(q3 + 1) ,
λ1 = μ N
′
1
v · k =
μδ((q2 + q + 1)δ − (q2 + 1))
(q2 + 1)2(q3 + 1)(q4 + q3 + q2 + q + 1)q ,
λ2 = μ N
′
2
v · (v − k − 1) =
μδ((q3 + q2 − 1)δ + 1)
(q2 + 1)(q3 + 1)q4(q4 + q3 + q2 + q + 1) .
For every Y ∈F, put kY :=|X ∩ Y |. Summing over all Y ∈F, we obtain
∑
1 = μ,∑
kY = |X| · λ0,∑
kY (kY − 1) = N1 · λ1 + (|X| · (|X| − 1) − N1) · λ2,∑
kY (kY − 1) = N1(λ1 − λ2) + |X|2 · λ2 − |X| · λ2,∑
k2Y = N1(λ1 − λ2) + |X|2 · λ2 + |X| · (λ0 − λ2).
From the Cauchy–Schwartz inequality
(∑
1
) · (∑ k2Y )  (∑ kY )2, we find
N1 · (λ1μ − λ2μ) + |X|2 · (λ2μ − λ20) + |X| · (λ0μ − λ2μ)  0. (1)
One calculates that
λ1μ − λ2μ = −μ
2δ((q2 + 1)(q3 + 1) − δ)
(q2 + 1)2(q3 + 1)(q4 + q3 + q2 + q + 1)q4 ,
λ2μ − λ20 =
μ2δ((q2 + 1)(q3 + 1) − δ)
q4(q2 + 1)2(q3 + 1)2(q4 + q3 + q2 + q + 1) ,
μλ0 − λ2μ = μ
2δ(q3 + q2 − 1)((q2 + 1)(q3 + 1) − δ)
q4(q2 + 1)(q3 + 1)(q4 + q3 + q2 + q + 1) .
Notice that μ = 0 sinceF is nonempty and 0 < δ < (q2 + 1)(q3 + 1) sinceF is a set of proper
tight sets of Type I. Inequality (1) becomes
−(q3 + 1)N1 + |X|2 + |X| · (q3 + q2 − 1)(q2 + 1)(q3 + 1)  0,
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i.e.
N1  (q5 + q4 + q3 − 1)|X| + |X|
2
q3 + 1 .
By the reasoning above, we know that equality holds if and only if X intersects every element of
F in the same number of points. But equality also holds if and only if X is a tight set of Type II.
This proves Theorem 1.7. 
4.3. Proof of Theorem 1.8
LetX andFbe as in the statement of Theorem 1.8, and letN1 denote the total number of ordered
pairs of distinct collinear points of X. Choose δ such that every element ofF contains δ(q3 + 1)
points and put N ′1 :=δ(q3 + 1)(q5 + q4 + q3 − 1 + δ). Then for every Y ∈F, the total number
of ordered pairs of distinct collinear points ofY is equal toN ′1. Also putN ′2 := (δq3 + δ)(δq3 + δ −
1) − δ(q3 + 1)(q5 + q4 + q3 − 1 + δ) = δ(q3 + 1)q3(δ − (q2 + q + 1)). Then for every
Y ∈F, the total number of ordered pairs of noncollinear points of Y is equal to N ′2.
Now, put μ = |F| and let λi , i ∈ {0, 1, 2}, denote the total number of elements ofF through
two points of HS(9, q) at distance i from each other. Then
λ0 = μδ(q
3 + 1)
v
= μδ
(q + 1)(q2 + 1)(q4 + 1) ,
λ1 = μ N
′
1
v · k =
μδ(q5 + q4 + q3 − 1 + δ)
(q + 1)(q2 + 1)2(q4 + 1)(q4 + q3 + q2 + q + 1)q ,
λ2 = μ N
′
2
v · (v − k − 1) =
μδ(δ − (q2 + q + 1))
(q + 1)(q2 + 1)(q4 + 1)q3(q4 + q3 + q2 + q + 1) .
Similarly as in Section 4.2, one shows that
N1 · (λ1μ − λ2μ) + |X|2 · (λ2μ − λ20) + |X| · (λ0μ − λ2μ)  0, (2)
with equality if and only if X intersects every element ofF in a constant number of points. One
calculates that
λ1μ − λ2μ = μ
2δ((q + 1)(q2 + 1)(q4 + 1) − δ)
(q + 1)(q2 + 1)2(q4 + 1)(q4 + q3 + q2 + q + 1)q3 ,
λ2μ − λ20 =
−δμ2(q2 + q + 1)((q + 1)(q2 + 1)(q4 + 1) − δ)
(q + 1)2(q2 + 1)2(q4 + 1)2q3(q4 + q3 + q2 + q + 1) ,
λ0μ − λ2μ = μ
2δ((q + 1)(q2 + 1)(q4 + 1) − δ)
(q + 1)(q2 + 1)(q4 + 1)q3(q4 + q3 + q2 + q + 1) .
Now, μ > 0 sinceF is nonempty and 0 < δ < (q + 1)(q2 + 1)(q4 + 1) since every element of
F is a proper tight set of Type II. Inequality (2) becomes:
N1(q + 1)(q4 + 1) − |X|2(q2 + q + 1) + |X|(q + 1)(q2 + 1)(q4 + 1)  0,
i.e.,
N1  −(q2 + 1) · |X| + |X|
2 · (q2 + q + 1)
(q + 1)(q4 + 1) .
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By the reasoning above, we know that equality holds if and only if X intersects every element of
F in the same number of points. But equality also holds if and only if X is a tight set of points
of Type I. This proves Theorem 1.8. 
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